Abstract. We show that every additive category with kernels and cokernels admits a maximal exact structure. Moreover, we discuss two examples of categories of the latter type arising from functional analysis.
Concerning applications in functional analysis, the above turns out to be very useful since there are many categories which are not quasi-abelian but additive with kernels and cokernels and thus accessible for homological algebra when endowed with an exact structure. In addition to the two examples which we will discuss in section 4, certain categories defined by projective and inductive limits which arise naturally in functional analysis, like that of PLB-, PLS-and PLN-spaces, will be treated in a forthcoming paper.
Notation and Preparatory Results
In the whole section, A denotes an additive category with kernels and cokernels. Thus, A admits pushouts and pullbacks. For later use we note the following (well-known) lemma, see e.g. Richman, Walker [15, Theorem 5] .
Lemma 2.1.
(a) If g : Y → Z, t : T → Z are morphisms in A and (P, p T , p Y ) is their pullback, then there is a morphism j : ker g → P making the diagram
commutative and being a kernel of p T .
(b) If f : X → Y , t : X → T are morphisms in A and (S, s T , s Y ) is their pushout, then there is a morphism c : S → cok f making the diagram
commutative and being a cokernel of s T .
In what follows we adopt the notation of Richman, Walker and call a morphism f a kernel if there is a morphism g such that f is a kernel of g. Cokernels are defined dually. It is easy to see that f is a kernel if and only if it is a kernel of its cokernel and dually f is a cokernel if and only if it is the cokernel of its kernel. In the notation of Schneiders [18, Definition 1.1.1] a morphism f : X → Y in A is called strict if the induced morphism f : cok ker f → ker cok f is an isomorphism. From his remarks in [18, Remark 1.1.2] it follows that a morphisms f is a strict epimorphism if and only if it is a cokernel and that f is a strict monomorphism if and only if it is a kernel. Note that strict morphisms are called homomorphisms by Wengenroth [20] in analogy to the notation of Köthe [8, p. 91] (see also [9, p. 307] ) for the category of locally convex spaces. Kelly [7, p. 124] introduced the notion of regular epimorphisms within arbitrary categories and notes [7, p. 126 ] that in the case of an additive category with kernels and cokernels a morphism is a regular epimorphism if and only if it is cokernel. Clearly, the notations of Schneiders and Kelly are more general than those of Richman, Walker. However, the latter notation will turn out to be the most convenient one for our purpose in this article. The following definition is essential for the main result of this article and was also used by Richman, Walker [15, p. 522 ].
Definition 2.2.
(a) A cokernel g : Y → X in A is said to be semi-stable, if for every pullback square
the morphism p T is also a cokernel.
(b) A kernel f : X → Y A is said to be semi-stable, if for every pushout square
the morphism s T is also a kernel. 
(a) If f and g are semi-stable cokernels, then h is a semi-stable cokernel.
(b) If f and g are semi-stable kernels, then h is a semi-stable kernel.
(c) If h is a semi-stable cokernel, then g is a semi-stable cokernel.
(d) If h is a semi-stable kernel, then f is a semi-stable kernel.
To end this section let us remark that 2.4 can be proved in an elementary way by very slight modifications of the proofs of Schneiders [18, Propositions 1.1.7 and 1.1.8] and by using the fact that in a diagram of the form
the left square is a pullback if and only if this is true for the exterior rectangle (cf. Kelly [7, Lemma 5 .1]).
Main Result
In this section we show that every additive category A with kernels and cokernels admits a largest exact structure E. The proof is constructive; to define E we use the terminology explained in 2.2. Then we check that (A, E) is indeed an exact category. For the sake of completeness let us recall the definition of the latter, where we stick to the notation of Bühler, cf also 3.2.
that f is a kernel of g and g is a cokernel of f . If a class E of kernel-cokernel pairs on A is fixed, an admissible monomorphism is a morphism f such that there exists a morphism g with (f, g) ∈ E. Admissible epimorphisms are defined dually. An exact structure on A is a class E of kernel-cokernel pairs which is closed under isomorphisms and satisfies the following axioms.
[E0] For each object X, id X : X → X is an admissible monomorphism.
[E0 op ] For each object X, id X : X → X is an admissible epimorphism.
[E1] If g : Y → Z and g : Z → V are admissible monomorphisms, then g • g is an admissible monomorphism.
[E1 op ] If g : Y → Z and g : Z → V are admissible epimorphisms, then g •g is a admissible epimorphism.
[E2] If f : X → Y is an admissible monomorphism and t : X → T is a morphism, then the pushout
of f and t exists and s T is an admissible monomorphism.
[E2 op ] If g : Y → Z is an admissible epimorphism and t : T → Z is a morphism, then the pullback
of g and t exists and p T is an admissible epimorphism.
An exact category is an additive category A together with an exact structure E; the kernelcokernel pairs in E are called short exact sequences. Proof. We show that E is closed under isomorphisms. Let (f, g) ∈ E and let
be a commutative square in A with isomorphisms i X , i Y and i Z . Then (f , g ) belongs to E. In fact, every commutative square
in A with isomorphisms φ and ψ is a pullback square as well as a pushout square, hence f is a semi-stable kernel and g a semi-stable cokernel by 2.3.(a) and it is easy to see that f is the kernel of g . This shows (f , g ) ∈ E. [E2 op ] Let (f, g) ∈ E, assume that
is a pullback square. According to 2.1.(a) we get a kernel k : X → P such that
is commutative. Since g is a semi-stable cokernel the same is true for p T by 2.3.(a). Thus, the first row in the above diagram is a kernel-cokernel pair. Moreover, p Y • k = f and thus by 2.4.(d) the morphism k is a semi-stable kernel which shows (k, p T ) ∈ E.
[E2] Since A has biproducts and cokernels, the pushout of any two morphisms does exist. The pair (f, g) is in E if and only if (
) ∈ E be pairs such that g • g is defined and let k : K → Y be a kernel of g • g. Then g • g is a semi-stable cokernel by 2.4.(a) and (k, g • g) is a short exact sequence. Thus it remains to be shown that k is a semi-stable kernel.
is a pullback square.
and from this it follows l X = α • η, since f is a monomorphism. The morphism η is unique with this property, since k is a monomorphism, hence (1) is a pullback square. Thus, Claim A is established.
Claim B. Let (f, g) ∈ E and
be a pullback square. Then (
By 2.1.(a) we have a commutative diagram
such that k is a kernel of p R and by [E2 op ] the pair (k, p R ) is in E. We show that
is a pushout, where ω Y denotes the canonical morphism. 
. The uniqueness of µ follows from the fact that γ is unique and that p R is an epimorphism. Hence, (2) 
, hence the universal property of the cokernel g gives rise to a unique morphism λ : 
where ω X and ω Z are the canonical morphisms.
Claim C. (3) is a pushout square.
Hence the universal property of the coproduct yields l X ⊕Y = δ • r. The uniqueness of δ follows from the universal property of the coproduct, which yields Claim C. Now r is a semi-stable kernel and by 2.4.(c) the composition r • p is also a semi-stable kernel. We put σ := −g id Y and obtain
Since r • p is a semi-stable kernel, it follows from 2.4.(d), that k is a semi-stable kernel, which yields that (k, g • g) ∈ E and thus that E is an exact structure on A.
It remains to check the maximality of E. Let E be a second exact structure on A and let (f, g) ∈ E . If
is a pullback square, the morphism p T is an admissible epimorphism by [E2 op ], hence it is a cokernel (of its kernel), hence g is a semi-stable cokernel. Analogously, by [E2] the morphism f is a semi-stable kernel, which shows (f, g) ∈ E. Hence we have E ⊆ E.
Applications and Examples
In this last section we present two examples of additive categories with kernels and cokernels arising in functional analysis. We use standard locally convex notations and theory as presented in Meise and Vogt [9] , Jarchow [5] , Bonet, Pérez Carreras [12] and Floret, Wloka [3] . To simplify the notation, let us denote by LCS the category of locally convex topological vector spaces with linear and continuous maps as morphisms and by HD-LCS the full subcategory of spaces whose topology is Hausdorff.
Example 4.1. Let BOR be the full subcategory of LCS consisting of bornological spaces (cf. [3, § 23, 1.5 and § 11, 2.]). BOR is additive and since quotients of bornological spaces are again bornological, it has cokernels (cf. [3, § 23, 2.9]). Let f : E → F be a linear and continuous map in BOR. We consider the linear space f −1 (0). If we consider f as a morphism in LCS, f −1 (0) endowed with the topology induced by E would be a kernel of f . Unfortunately, this space is in general not bornological. However, f −1 (0) endowed with the associated bornological topology w.r.t. the induced one, (cf. [3, § 11, 2.2] ) is bornological, we will denote this space by f −1 (0) BOR . It is easy to check that this space together with the inclusion mapping is a kernel of f in BOR.
From the above it follows that for an arbitrary morphism f : E → F in BOR, the cokernel of the kernel of f is E/f −1 (0) endowed with the quotient topology and that the kernel of the cokernel of f is f (E) BOR w.r.t. the topology induced by F . Thus, the canonical morphismf : cok ker f → ker cok f is bijective and it is easy to see that it thus is both a monomorphism and epimorphism. Thus, BOR is semi-abelian in the notation of [17] .
However, BOR is not quasi-abelian in the sense of [17] and [18] ; Bonet, Dierolf [1] constructed morphisms f : E → F and g : G → F such that g is a cokernel but in the pullback square
p E fails to be a cokernel, that is g is not semi-stable. Hence, the article of Bonet, Dierolf [1] provides indeed a counter example to Raikov's conjecture (cf. [17] Example 4.2. By HD-BOR we denote the full subcategory of HD-LCS consisting of bornological spaces. Clearly, HD-BOR is a full subcategory of BOR. Since the preimage of zero under a continuous map between separated spaces is closed and since the associated bornological topology is finer than the starting topology (see [3, § 11, 2.2] ), the kernels in HD-BOR are those of BOR. Concerning cokernels this is not true. Let f : E → F be a morphism in HD-BOR. Then the cokernel of f is the space F/f (E) endowed with the quotient topology. Hence, the cokernel of the kernel of f is the space E/f −1 (0) endowed with the quotient topology and the kernel of the cokernel of f is f (E) BOR w.r.t. the topology induced by F . By an example due to Grothendieck [4] (for details see Bonet, Pérez Carreras [12, 8.6 .12]), there exists a strict LB-space (F, t) = ind n (F n , t n ) and a closed subspace H ⊆ F such that there exists u ∈ (H, s) \(H, t| H ) where (H, s) := ind n (H ∩ F n , t n | H∩Fn ). Based on this example one may construct a mapping f between spaces in HD-BOR, such thatf is not an epimorphism, that isf (E) = f (E) is not dense in f (E)
BOR
. Hence the category HD-BOR is not even semi-abelian in Rump's notation.
